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Entanglement of two two-levels atoms mediated by an optical black hole
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We consider the dynamics of a system consisting of two two-level atoms interacting with the
electromagnetic field near an optical black hole. We obtain the reduced density operator of the
two-atom system in the weak coupling regime for the case that one atom is in the excited state and
the other in the ground state. The time evolution of the negativity between the atoms is discussed
for two non-resonance and resonance cases. In both cases, we show that the two atoms can become
entangled due to the indirect interaction mediated through the optical black hole.
I. INTRODUCTION
One of the most striking predictions of the general rel-
ativity is undoubtedly the possibility of existence of black
holes (BHs). Various astrophysical observations have
confirmed the existence of BHs with almost certainty [1–
3]. The BHs are classically described as massive objects
with such a strong gravitational field that no signals, not
even light escape from a region so-called event horizon.
Hawking discovered that BHs are not completely black
and emit particles in the form of thermal radiation due
to quantum effects [4]. Despite recent technological de-
velopments, such phenomenon would be seem to be im-
possible to observe directly using astronomical tools due
to the low Hawking temperatures associated with grav-
itational black holes. Therefore, many attempts have
been made to circumvent such problems and to mimic
certain aspects of these celestial objects in analogue sys-
tems [5, 6], such as the Bose-Einstein condensate [7, 8],
moving dielectrics [9], optical fiber [10], superconducting
transmission line [11] and more recently magnetization
dynamics [12].
Among these, the recent developments in transforma-
tion optics have provided the analog of the bending of
light in empty curved space-time caused by gravity field
with the aid of metamaterials. Due to the formal invari-
ance of Maxwell’s equations under transformation optics
and as well the analogy between the Maxwell’s equations
in the presence of anisotropic and inhomogeneous me-
dia and free-space Maxwell’s equations in curved space-
time [13–16], an isotropic optical BH (OBH) was sug-
gested to reproduce the behavior of BH in laboratory
and their consequences investigated [17]. In another ap-
proach from Hamiltonian optics, Narimanov and Kild-
ishev have proposed a broadband absorber device that
acts like an effective OBH with the event horizon radius
is determined by the matter’s boundary [18]. The de-
vice was composed of two parts: a core with the con-
stant electric permittivity and an outer shell with an
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inhomogeneous and isotropic electric permittivity. The
outer shell can appropriately guide the electromagnetic
waves to the core and then the incident waves absorb
or harvest by the core completely. Attempts to realize
the OBH idea have been made numerically by full-wave
simulations [19–22], and experimentally by using non-
resonant and resonant metamaterial structures [23–25]
and three-dimensional woodpile photonic crystals struc-
ture [26] in the microwave frequency. The results val-
idated their broadband performance and demonstrated
that these designed structures can effectively absorb the
incident waves from all directions. The capability of such
devices in capturing and absorbing the broadband and
omnidirectional electromagnetic wave may find potential
applications in solar energy harvesting, radiation detec-
tor, and optoelectronics [27–29].
So far, all attempts in the context of OBHs based on
Narimanov model are limited to control and trapping the
electromagnetic waves in classical framework around a
cylinder or sphere core with engineering materials, sim-
ilar to that around BHs in general relativity. However,
there is another interesting possibility by treating light
as a stream of photons rather than electromagnetic waves
when the light interacting with OBHs. The inspiration
for this work comes from our earlier study of the entan-
glement dynamic and radiative properties of an atomic
system near an invisibility clocking device [30, 31]. The
fluctuating electromagnetic field induces noise currents
within material media. These noise currents act as a
source for the quantized electromagnetic field. Thus, by
investigating the interaction of a atomic system with the
quantized electromagnetic fields we can examine the ef-
fect of the OBHs on internal properties of the atomic
system. In this sense, the atomic system can be treated
as an open quantum system coupled to the environment,
i.e., with the electromagnetic field in presence of material
media, that leads to dissipation and decoherence. As a
consequence, the quantum entanglement may disappear
and even enhance in certain circumstances.
With the above background and taking into account
that the entanglement play a key role in gravitational
BH, in this paper, we examine the influences of the OBHs
in terms of the entanglement created in an atomic sys-
2tem, in order to study the role of the OBH effects from
a quantum perspective. The atomic system we are go-
ing to study consists of two identical and mutually inde-
pendent two-level atoms with one initially in its excited
state and the other in its ground state and weakly inter-
act with the fluctuating quantized electromagnetic fields
in vacuum outside an OBH. In the absence of the OBH,
quantum entanglement arises from the spontaneous emis-
sion process and the mutual dipole-dipole coupling of the
atoms [32, 33]. In the presence of the OBH, two nonin-
teracting quantum systems can become entangled due
to the photon exchange process mediated through this
OBH, of course, if the photon is not absorbed by the
OBH. We therefore expects that the dynamical behavior
of entanglement for the atomic system becomes drasti-
cally different from what would be experienced in free
space.
This paper is organized as follows. In Sec. II, we in-
troduce the model and give a review of the general ex-
pressions needed to describe the system of two two-level
atoms coupled with quantized electromagnetic field near
an OBH. This OBH which defined with continuous ma-
terial parameter can be readily implemented by a large
number of thin layers with homogeneous material param-
eters in a stepwise manner. In so doing, we are not only
able to calculate the Green’s tensor of the system using
the formalism developed by [34], but can also serve as
a new approach to realize the OBH by concentric lay-
ered structures instead of using the metamaterial with
subwavelength resonant inclusions. We then study the
time evolution of the two atoms that initially share a sin-
gle excitation, and the collective behavior of the atoms
is demonstrated in Markovian regimes. In Sec. III, the
dynamical evolution of entanglement between the two
atoms, measured by negativity, is discussed both in the
presence of the OBH, as well as in the absence of it, and
the influences of material absorption, resonant and off-
resonant coupling of the atoms to the electromagnetic
field are analyzed. Finally, a summary of the results are
given in Sec. IV. Details on the Green’s tensor of the
system can be found in Appendix A.
II. THE BASIC RELATIONS
In this section, we start with a brief description of the
basic features of an OBH based on Narimanov model.
This OBH consisting of a lossy inner core and an outer
shell with spatially varying values of permittivity. Such
material properties can be typically realized by some kind
of resonance-like structures which suffer from inherently
loss and dispersion. Therefore, to have physically values
for the dielectric permittivity of the shell, we must treat
ε as a frequency dependent function in this region. Sup-
pose that the permittivity function has the Lorentzian
type dispersion characteristics in inhomogeneous region
and the device is placed in free space, hence, the per-
mittivity of the surrounding is unit. The permittivity
FIG. 1: Pictorial illustration of the system. The OBH is
composed of a circular shell and a lossy dielectric core,
and placed in free space. ac is the radius of the inner
absorbing core, as is the radius of the outer shell which
denotes the event horizon. The outer shell is
implemented in a concentric layers structure with N − 2
layers whose the material parameter in each layer is
given by Eq. (10). ε1 is the permittivity of the
background medium and εN is the complex permittivity
of the absorbing core. Two two-level distant atoms are
placed at positions rA and rB from the center of the
OBH.
profiles of the OBH can be described as follows:
ε(r) =


1, r > as,
(asr )
2
εL, ac < r < as,
εc + iγc, r < ac,
(1)
where ac and as denote the radii of inner core and
outer shell of the OBH, respectively, and εL =(
1 +
ω2p
ω20−ω
2−iγω
)
is the Lorenzian form of dispersion of
the outer shell, wherein ωp and ω0 are, respectively, the
plasma and resonance frequency and γ is the absorbtion
coefficient. Besides, the radius of the core, ac, and the
radius of the outer shell satisfy the relation: ac = as
√
1
εc
.
Here, we use the suggested parameters in [22] for an OBH
with the inner core radius 4πc/ω0, the outer shell radius
8πc/ω0, and the permittivity of the inner absorbing core
4 + 0.33i.
We consider a system consisting of two equal two-level
atoms A and B with dipole moments dA = dB = d,
which are assumed to be directed along the OBH axis,
i.e., d = dz. The atoms with two stationary states
|lA,B〉 and |uA,B〉 are symmetrically located at positions
rA = −rB = rxˆ on the x axis close to the OBH. The
spacing energies of the two atoms are denoted by ~ωA.
The atoms are in vacuum outside the OBH and interact
with the quantum vacuum electromagnetic field via their
transition dipole moments. This provide indirect inter-
action mediated through the OBH between the atoms.
To quantum mechanically describe the aforementioned
system, we follow the canonical quantization of the elec-
3tromagnetic field in the presence of absorptive and dis-
persive dielectric medium. Based on this approach, the
medium is directly introduced to the quantization process
by modeling it through a continuum of reservoir oscilla-
tor field to account for the dissipation and polarizabil-
ity characters of the matrical medium. With a freedom
of choice, we start with an appropriate Lagrangian to
describe two identical two-level atoms interacting with
fluctuating electromagnetic fields in the presence of the
medium. For a thorough discussion of the total La-
grangian of the system, the interested reader is referred
to [30, 31, 35–42]. We use the total Lagrangian and de-
fine the canonical conjugate momentums of the system,
in such a case, the total Hamiltonian of the coupled sys-
tem that governs the evolution of the system is obtained
in the electric-dipole and rotating wave approximations
as [40? ]
Hˆ =
∫
d3r
∫ ∞
0
dω ~ωfˆ† (r, ω) · fˆ(r, ω) +
∑
j=A,B
~ωj σˆ
†
j σˆj
−
∑
j=A,B
(
σˆ†jdj ·
∫ ∞
0
dωEˆ (rj , ω) + h.c.
)
, (2)
where σˆj = |lj〉〈uj | and σˆ†j = |uj〉 〈lj | are, as usual,
the lowering and raising Pauli operators of j-th atom,
dj = 〈uj |dj |lj〉 is the matrix element of the dipole mo-
ment operator dj of j-th atom, and fˆ
†(r, ω) and fˆ(r, ω)
denote the bosonic creation and annihilation operators
which play the roll of the collective excitations of the
electromagnetic field and the medium. The transition
to the quantum regime can be done in a standard fash-
ion by imposing the commutation relations between the
variables and their conjugates. It was shown that these
commutation relations eventually lead to the usual com-
mutation relations of bosonic operators [30, 39, 42]:[
fˆj (r, ω) , fˆ
†
j′ (r
′, ω′)
]
= δjj′δ(r− r′)δ(ω − ω′),[
fˆj(r, ω), fˆ
′
j(r
′, ω′)
]
= 0. (3)
The positive frequency part of the electric field operator
is expressed in term of fˆ as
E
(+) (r, ω) = i
ω2
c2
∫
d3r′
√
~ Im[ε(r′, ω)]
πε0
G(r, r′, ω)
·fˆ (r′, ω), (4)
where G(r, r′, ω) is the classical Green’s tensor satisfying
the Helmholtz equation
∇×∇× G (r, r′, ω)
−ω
2
c2
ε (r, ω)G (r, r′, ω) = δ (r− r′) I¯, (5)
together with the boundary condition G(r′, r, ω)→ 0 for
|r − r′| → ∞. Owing to the symmetry of the dielectric
function, the Green’s tensor is reciprocal, G(r, r′, ω) =
G
T (r′, r, ω), it is analytic in the upper half of the com-
plex ω plane, and like every causal response function
it obeys the Schwarz reflection principle G∗(r, r′, ω) =
G(r, r′,−ω∗). It contains all the information about the
geometry and and topology of the system.
For single quantum excitation, the time-dependent
state vector of the whole system can be written as
|ψ(t)〉 =
∑
j=A,B
CU,j (t) e
−i(ωj−ω˜)t |Uj〉 |{0}〉
+
∫
d3r
∫ ∞
0
dω e−i(ω−ω˜)tCL (r, ω, t) |L〉 |1 (r, ω)〉 , (6)
where ω¯ =
∑
j
ωj/2, and the first element of the state
vector indicates the state of the atoms and the second
element that of the field. Here, the state vector |Uj〉
denotes the jth atom is in the excited state and the other
atom is in the ground state, i.e., |UA〉 = |uA, lB〉 and
|UB〉 = |lA, uB〉, the state vector |L〉 = |lA, lB〉 refers to
both atom are in the lower state, |{0}〉 is the vacuum
state of the field, |{1(r, ω)}〉 is the excited state of the
field with the field is in a single-quantum Fock state, and
CU,j(t) and CL(r, ω, t) are, respectively, the respective
probability amplitudes of the excited and ground states
of the system.
In the Schro¨dinger equation picture, the evolution of
the state vector of the system at any time t > 0 obeys
the Schro¨dinger equation i~ ∂/∂t|ψ(t)〉 = H|ψ(t)〉. By
inserting Eq. (6) into the Schro¨dinger equation coupled
motion equations for the expansion coefficients CU,A and
CU,B are obtained. The details of these calculations can
be found in [31]. It is convenient to introduce the new
variables, C± (t) = [CuA (t)± CuB (t)] /
√
2, which are
the probability amplitudes of finding the atomic subsys-
tem in the collective symmetric and antisymmetric states
|±〉 = (|uA, lB〉 ± |lA, uB〉)/
√
2, to decouple the motion
equations from each other. To simplify our calculations,
let us restrict our attention the case when atom-field sys-
tem is coupled weakly. This allow us to apply the Markov
approximation and obtain analytical expressions for the
symmetric and antisymmetric probability amplitudes C±
as follows:
C±(t) = e
(−Γ±/2+iδ±)tC±(0), (7)
where Γ± = Γ ± ΓAB and δ± = δ ± δAB are, respec-
tively, the decay rates and level shifts of the symmetric
and antisymmetric states. Here, the Lamb shift, δ = δjj ,
is due to the atom electromagnetic self-interaction (ra-
diation reaction) in the presence of the OBH, while, the
level shift, δj 6=j′ , induced by the dipole-dipole coupling.
Their explicit form are given by
δjj′ =
1
~πε0
P
∫ ∞
0
dω′
ω′
2
c2
dj · Im [G (rj , rj′ , ωA)] · dj′
(ω′ − ωA) , (8)
with P denoting the principal value. The single-atom
decay rate, Γ = Γjj , and the collective damping rate,
4Γj 6=j′ , in Eq. (7) are given by
Γjj′ =
2ω2A
~ε0c2
dj · Im [G (rj , rj′ , ωA)] · dj′ . (9)
The above expressions show the effect of the OBH on
radiation properties of the atoms via the Green tensor of
the system evaluated at frequency ω and at positions rj
and rj′ . Now, all that is needed is knowledge about the
Green’s tensor of the system explicitly. This is indeed
a very complex problem, whose complexity arises from
the difficulties in finding the appropriate cylindrical wave
vector functions for inhomogeneous region of the OBH.
Instead, we model the aforementioned artificial BH by
a multilayered cylindrical structure with equal thickness
and, thereby, reduce the problem to the calculation of the
electromagnetic Green’s tensor of a dielectric multilayer
cylinder. This is because of the fact that we know how
to calculate the Green’s tensor of such structure.
In the following, we discretize the inhomogeneous re-
gion of the OBH into N − 2 concentric shells of di-
electrics with piecewise-constant permittivity function,
as schematically illustrated in Fig. 1. According to
Eq. (1), we assume that the dielectric function of the
m-th layer is given by
εm(ω) =
a1
2
am2
εL. (10)
where am(m = 2, 3, ..., N − 1) is the inner spherical in-
terface of the m-th layer and a1 = as is the radius of the
outer shell. Here, we use a 10-layer structure to imple-
ment such OBH as the thickness of each layer is 0.4πc/ω0.
In the case of a dielectric multilayer circular cylinder,
the electromagnetic Green’s tensor has been developed by
Tai [34] and reconsidered in [43]. We briefly presented in
appendix A the details involved in the derivation of the
required Green’s tensor, as well as of the vector eigen-
functions used to represent the free space and scattered
contributions. Due to the fact that in our case the dipole
moments are directed along the z axis, we only need the
diagonal z component of the Green’s tensor. Considering
the above points and the fact that the atoms are placed
in free space outside the OBH, by making use of Eq. (A5)
the explicit expressions for the diagonal z component of
the scattering part of the Green’s tensor is expressed as
G
(11)
S,zz(r, r
′) =
i
8π
∫ ∞
−∞
dh
∞∑
n=0
(2− δ0n)
k21
η21C
11′
1V H
(1)
n (η1r)
×H(1)n (η1r′) cosn(ϕ− ϕ′)eih(z−z
′). (11)
By substituting the above equation into Eqs. (9), Γ± in
the presence of the OBH are given by
Γ±
Γ0
=
3
4
Re
[ ∫ ∞
−∞
dh
∞∑
n=0
(2− δ0n)
k31
η21H
(1)
n (η1r) (12)
×
(
Jn(η1r) + C
11′
1V H
(1)
n (η1r)
)(
1± (−1)n)].
where Γ0 =
ω˜3AdA
2
3~piε0c3
is the free space decay rate and the
unknown coefficient C11
′
1V is obtained by using the recur-
rence relation (A10).
III. ENTANGLEMENT OF THE TWO
TWO-LEVEL ATOMS
We define the reduced density operator ρa =
Trfield|ψ〉〈ψ|, which is obtained by tracing the density
operator of the total system over the field degrees of free-
dom, to describe the atomic subsystem in terms of the
state vector (6) of the whole system. In the absence of
external driving fields, the two-atom system is equivalent
to a single four-level system composed of the ground state
|L〉 = |lA, lB〉, the upper state |U〉 = |uA, uB〉, and two
intermediate states |+〉 and |−〉 [33, 44]. In this basis,
the reduced density operator ρa is written as:
ρa = |C+|2|+〉〈+|+ |C−|2|−〉〈−|
+C+C
∗
−|+〉〈−|+ C−C∗+|−〉〈+|
+(1− |C+|2 − |C−|2)|L〉〈L|. (13)
Now let us investigate the dynamics of entanglement be-
tween the two atoms. To characterize the quantum en-
tanglement, there are various kinds of entanglement mea-
sures [45–47]. We take negativity as a well-known mea-
sure of mixed state entanglement for its simplicity as well
as wide applicability. The entanglement negativity is de-
fined by N = 1/2∑i(|µi| − µi), where µi are the eigen-
values of the partial transpose ρTAa . The negativity is 1
for the maximally entangled states and 0 for separable
states. For the reduced density matrix ρa, which de-
scribes a mixed state in the Hilbert space HA ⊗HB, its
partial transposition with respect to the subsystem A is
formally defined by taking the transpose of the matrix
elements of ρa with respect to the indices in subsystem
A, i.e., ρTAaik,jl = ρajk,il with ρaik,jl = 〈j, k|ρ|i, l〉. Apply-
ing (13), we can find
N (t) =
{(1
4
(ρa,++ + ρa,−−)
2 + ρ2a,LL (14)
− exp[−2Γt] cos2(2δABt)
)1/2
− ρa,LL
}/
2,
where ρa,±± and ρa,LL are density matrix elements in the
Dicke basis |±〉 and |L〉, respectively. From this equa-
tion, the entanglement of the two atoms can be deter-
mined using the Eq. (12), and Eq. (8) together with the
Kramers-Kronig relation, but the complexity of the re-
sulting equation makes it difficult to predict the results
analytically.
In Fig. 2, the numerical results of the negativity (14)
are plotted as a function of the dimensionless parameter
Γ0t for the non-resonance and resonance cases, namely,
when the field frequency and the resonance frequency of
the OBH satisfying the conditions ω = 0.1ω0 and ω = ω0,
respectively. For all our calculations, we assumed that
50 0.1 0.2 0.3
Γ0 t
0
0.37
N
(a)
0 2 4
0.0000
0.0008
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0 2 4
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FIG. 2: The time evolution of the negativity N as a function of a dimensionless parameter Γ0t for the case that the
two atoms are placed at position r = 8.1πc/ω0 outside and near the OBH (dashed red line), and in free space (solid
blue line). The transition frequency of the two atoms is at non-resonance ω = 0.1ω0 (a), and resonance ω = ω0 (b)
with the resonance frequency of the OBH. The material absorbtion and dispersion of the OBH are described by the
Lorentz model with parameters ωp = 0.1ω0 and γ = 0.01ω0. The insets show the magnified view of N versus Γ0t
when the atoms are in free space.
r = 8.1πc/ω0. The time evolution of N for the case that
the atoms are placed in the free space and in the vicinity
of the OBH are presented by the solid blue line and the
dashed red, respectively. Recalling the Lorentzian factor
εL in Eq. (1), one might reasonably ask about the reso-
nance frequency ω0 when the two atoms are in free space.
In fact, in this case, the involved parameters can be-
come dimensionless by means of ωA. This means that we
encounter with the atom-atom distance 16.2πc/ωA and
1.62πc/ωA for the resonance and non-resonance cases,
respectively.
In Fig. 2 (a), it is seen that N is zero at the initial
time t = 0. This is as it should be, since the initial state
of the atomic subsystem is the product state |uA, lB〉.
As time passes, the negativity shows an oscillatory be-
havior followed by a slow decay, which reflects that the
two atoms are entangled due to the indirect interaction
mediated through the OBH. The oscillatory behavior is
observed at times shorter than 0.05Γ−10 . This dynamic
behavior can be easily understood from the dominant
contribution of the oscillatory term with the frequency
of the energy separation of the symmetric and antisym-
metric states 2δAB in Eq. (14). After the time 0.05Γ
−1
0 ,
the time evolution of the population of the states |±〉 and
|L〉 play an important role in decayingN . Two states |±〉
are equally populated initially, but the decay of the state
Γ+ differs from Γ− in the presence of the OBH such that
the symmetric state decay faster than the antisymmetric
state (not shown here). Note that the decay value Γ+ and
Γ− are also different from each other for the two atoms
in free space [33]. However, this difference that occurs
by mediation of the OBH is much larger. For long times,
the symmetric and antisymmetric states are depopulated,
consequently, the terms ρa,±± and ρa,LL in (14) decay to
zero and unit, respectively, and the negativity goes to
zero.
In Fig. 2 (b), the time evolution of N is depicted
as a function of a dimensionless parameter Γ0 t for the
case that the two atoms are at resonance with the OBH
ω = ω0. The negativity is characterized by a fast ini-
tial increase and slow decrease after reaching maximum.
In the presence of the OBH, the maximum value of the
negativity is 0.029 (dashed red line), which is one mag-
nitude lower than the value for the non-resonant case.
With the high loss that occurs at resonance frequency,
the OBH absorbs the spontaneously emitted photon be-
fore it exits the shell. One thus expect that a lossy OBH
decrease the amount of entanglement created between
two atoms. It is also seen that there is no oscillations
at short times as a result of the significant reduction of
the dipole-dipole coupling δAB at resonance frequency.
This is because, from Eq. (8), the behavior of δAB de-
pends on the material environment and, as well as the
distance of the two atoms via the Green’s tensor. Un-
like to this situation, due to large distance of the atoms
from each other the negativity for the case that the two
atoms are in free space experiences a sharp decrease from
8 × 10−4 at non-resonance case to 8 × 10−8 at resonant
case. We eventually find that the entanglement can be
created between two atoms in vicinity of the OBH, and
is well in agreement with the results of the schwarzschild
BH presented in [48].
IV. SUMMERY AND CONCLUSION
In this paper, we study a macroscopic system con-
sisting of two two-level atoms that weakly interact with
the electromagnetic field prepared in its vacuum state in
vicinity of the OBH. We consider the case when one atom
6was in the excited state and the other in the ground state.
For the given system, based on a canonical quantization
scheme presented for the electromagnetic field interact-
ing with atomic systems in the presence of absorptive
and dispersive dielectric media, we derive the reduced
density operator of the atomic system and, investigate
the collective behavior of the atoms in Markovian ap-
proximation. As the formalism shows, these expressions
have been expressed in terms of the Green’s tensor of the
system. We have modeled the artificial black hole by a
multilayered cylindrical structure with homogeneous ma-
terial parameters in a stepwise manner. In this way, we
used the Green’s tensor of a multilayer cylinder structure
and, hereby, numerical calculations are performed for the
negativity as a measure of entanglement. The time evo-
lution of the negativity between the atoms has been dis-
cussed for two non-resonance and resonance cases. The
results show that the photon exchange process is medi-
ated by the OBH can induce entanglement between the
atoms, of course, if the photon is not complectly absorbed
by the shell.
Appendix A: Green tensor of the system
The calculation of the electromagnetic Green’s tensor
of a multilayer cylinder structure has been extracted pre-
viously in [43]. Based on the method of scattering super-
position and the linearity of the Helmholtz equation (5),
the Green’s tensor of the system can be decomposed into
a vacuum component and a scattering contribution
G
fs
e = G0(r, r
′)δsf + G
(fs)
S (r, r
′), (A1)
where f and s indicate the regions of the field and source
points, respectively. The Green tensor G0 describes the
propagation inside in free space, whereas the scatter-
ing contribution requires knowledge about the reflection
and transmission coefficients at the cylindrical interfaces.
The form of these two contributions in the cylindrical co-
ordinate system are given by:
G0(r, r
′) =
−rˆrˆδ(r − r′)
k2s
+
i
8π
∫ ∞
−∞
dh
∞∑
n=0
(2 − δ0n)
η2s
(A2)
{
M
(1)
e
onηs
(h)M′e
onηs(−h) +N(1)eonηs(h)N′eonηs(−h) r > r′
Me
onηs(h)M
′(1)
e
onηs
(−h) +Ne
onηs(h)N
′(1)
e
onηs
(−h) r < r′
and
G
(fs)
S (r, r
′) =
i
8π
∫ ∞
−∞
dh
∞∑
n=0
(2− δ0n)
η2s
×
{
(1− δNf )M(1)eonηf (h)
[
(1− δ1s)Cfs1HM′eonηs(−h)
+ (1 − δNs )Cfs
′
1HM
′(1)
e
onηs
(−h)
]
+(1− δNf )N(1)eonηf (h)
[
(1 − δ1s)Cfs1VN′eonηs(−h)
+(1− δNs ) Cfs
′
1V N
′(1)
e
onηs
(−h)
]
+(1− δNf )N(1)oenηf (h)
[
(1 − δ1s)Cfs2HM′eonηs(−h)
+(1− δNs ) Cfs
′
2HM
′(1)
e
onηs
(−h)
]
+(1− δNf )M(1)oenηf (h)
[
(1 − δ1s)Cfs2VN′eonηs(−h)
+(1− δNs ) Cfs
′
2V N
′(1)
e
onηs
(−h)
]
+(1− δ1f )Meonηf (h)
[
(1 − δ1s)Cfs3HM′eonηs(−h)
+(1− δNs ) Cfs
′
3HM
′(1)
e
onηs
(−h)
]
+(1− δ1f )Neonηf (h)
[
(1 − δ1s)Cfs3VN′eonηs(−h)
+(1− δNs ) Cfs
′
3V N
′(1)
e
onηs
(−h)
]
+(1− δ1f )Noenηf (h)
[
(1− δ1s)Cfs4HM′eonηs(−h)
+(1− δNs ) Cfs
′
4HM
′(1)
e
onηs
(−h)
]
+(1− δ1f )Moenηf (h)
[
(1 − δ1s)Cfs4VN′eonηs(−h)
+(1− δNs )Cfs
′
4V N
′(1)
e
onηs
(−h)
]}
, (A3)
where the prime denotes the coordinates (r′, φ′, z′) of
the source, and the eigenvalue, ηf , and the propagat-
ing constant, kf , in the fth layer satisfy the relation
h2 = k2f − η2f . Here, Meonηf (h) and Neonηf (h) are the
cylindrical wave vector functions, and defined as [34]
Me
onηf (h) =
[
∓ nZn(ηf r)
r
sin
cos
(nφ)rˆ (A4a)
−dZn(ηf r)
dr
cos
sin
(nφ)φˆ
]
exp(ihz),
Ne
onηf (h) =
1
kf
[
ih
dZn(ηfr)
dr
cos
sin
(nφ)rˆ
∓ ihn
r
Zn(ηf r)
sin
cos
(nφ)φˆ (A4b)
+η2Zn(ηf r)
cos
sin
(nφ)zˆ
]
exp(ihz).
Here, Zn(ηfr) and Z
(1)
n (ηf r) are, respectively, the first-
type cylindrical Bessel function Jn(ηfr) and the third-
type cylindrical Bessel function or the first-type cylindri-
cal Hankel function H
(1)
n (ηf r).
7Due to the fact that in our case the two-atom system is
in free space outside the OBH, both the observation point
r and the source point r′ are located in first layer outside
the shell. In the following, we therefore set s = f = 1 in
Eq. (A3) and arrive at
G
(11)
S (r, r
′) =
i
8π
∞∫
−∞
dh
∞∑
n=0
(2− δ0n)
η21
×
[
C11
′
1H M
(1)
e
onη1
(h)M′
(1)
e
onη1
(−h)
+ C11
′
1V N
(1)
e
onη1
(h)N′
(1)
e
onη1
(−h) (A5)
+ C11
′
2HN
(1)
o
enη1
(h)M′
(1)
e
onη1
(−h)
+ C11
′
2V M
(1)
o
enη1
(h)N′
(1)
e
onη1
(−h)
]
.
To obtain the unknown coefficients in equation above, we
introduce the following recurrence relation:
T
(H,V )
f =
[
R
(H,V )
f(ij)
]
4×4
=
[
F
(H,V )
(f+1)f
]−1
.
[
F
(H,V )
ff
]
,(A6)
where
T
(K)
(H,V ) =
[
T
K(H,V )
ij
]
4×4
(A7)
=
[
T
(H,V )
N−1
] [
T
(H,V )
N−2
]
· · ·
[
T
(H,V )
K+1
] [
T
(H,V )
K
]
,
with
[
F
(H,V )
(f+1)f
]−1
is the inverse matrix of F
(H,V )
(f+1)f . The
transmission matrices FH,V for TE and TM waves are,
respectively, defined as:
FHjm =


∂[H(1)n (ηjam)]
∂am
∓ ζjH(1)n (ηjam)am
∂[Jn(ηjam)]
∂am
∓ ζjJn(ηjam)am
0 ℓjH
(1)
n (ηjam) 0 ℓjJn(ηjam)
± ζjτjH(1)n (ηjam)am
τj∂[H(1)n (ηjam)]
∂am
± ζjτjJn(ηjam)am
τj∂[Jn(ηjam)]
∂am
τjℓjH
(1)
n (ηjam) 0 τjℓjJn(ηjam) 0

 , (A8a)
FVjm =


± ζjH(1)n (ηjam)am
∂[H(1)n (ηjam)]
∂am
± ζjJn(ηjam)am
∂[Jn(ηjam)]
∂am
ℓjH
(1)
n (ηjam) 0 ℓjJn(ηjam) 0
τj∂[H(1)n (ηjam)]
∂am
∓ ζjτjH(1)n (ηjam)am
τj∂[Jn(ηjam)]
∂am
∓ ζjτjJn(ηjam)am
0 τjℓjH
(1)
n (ηjam) 0 τjℓjJn(ηjam)

 . (A8b)
where am (m = 1, 2, ..., N − 1) denote the radius of dif-
ferent layers. Here, the following parameters have been
introduced to simplify the symbolic calculations
τj =
√
εj
µj
, ζj =
ihn
kj
, ℓj =
(ηj)
2
kj
. (A9)
Now by using Eqs.(A6)-(A9), the unknown coefficients
entered to our calculations in Eq. (11) are obtained as
C11
′
1(H,V ) =
T
1(H,V )
12 T
1(H,V )
23 − T 1(H,V )22 T 1(H,V )13
T
1(H,V )
11 T
1(H,V )
22 − T 1(H,V )12 T 1(H,V )21
. (A10)
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